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THE  COMPLETE  FORM   OF   FECHNER'S   LAW. 


By  P.  G.  Nutting. 


Underlying  vision,  audition,  and  other  sense  perception  is  a  funda- 
mental quantitative  relation  between  stimulus  and  sensation,  between 
the  objective  and  the  subjective.  From  this  fundamental  relation, 
once  established,  may  be  derived  another  relation  giving  the  least 
perceptible  increment  to  the  stimulus  in  terms  of  the  whole. 
Fechner's  law  is  such  a  relation  derived  from  experimental  data. 
It  states  that  the  least  perceptible  increment  is  proportional  to  the 
whole  stimulus  over  quite  a  wide  range  of  moderate  intensities. 
That  is,  the  ratio  of  least  perceptible  increment  to  total  stimulus  is 
a  constant.  This  constant  experiment  shows  to  be  of  the  order  of 
about  two  per  cent. 

Now,  just  at  the  threshold  value  of  a  stimulus,  evidently  the  least 
perceptible  increment  is  the  whole,  so  that,  calling  >S  this  stimulus 
and  SS  the  least  perceptible  increment,  BS:S=i,  while  according 
to  Fechner's  law  SS:  S=  constant = about  0.02,  hence  Fechner's  law 
does  not  and  can  not  hold  in  this  form  at  low  intensities  for  any 
sense  organ.  The  general  law  must  be  such  that  BS :  S=  1  for  S=S0, 
the  threshold  value,  while  for  large  values  of  ^S,  SS :  S=a.  small  con- 
stant. From  the  complete  form  of  Fechner's  law  may  be  obtained 
the  general  relation  between  sensibility  and  intensity,  and  from  the 
sensibility  the  desired  general  relation  between  stimulus  and  sensa- 
tion. If  this  general  relation  is  expressed  in  the  proper  mathemat- 
ical form,  it  may  be  expected  to  hold  with  different  constants  for  all 
sense  organs. 

Of  the  various  sense  perceptions,  vision  permits  of  far  the  most 
accurate  quantitative  determination.  In  this  field,  Konig  and 
Brodhun1  have  published  some  excellent  data  bearing  on  Fechner's 

XA.  Konig  and  E.  Brodhun.     Sitzungsberichte  der  Berliner  Akad.  18S8,  pp.  917-932. 
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law.  They  determined  the  least  perceptible  increment  for  light 
ranging-  in  intensity  from  jnst  above  the  threshold  value  to  about 
100,000  meter-candles  and  in  color  from  violet  to  deep  red.  The 
data  relating  to  Konig's  own  eye — a  normal  trichromat — are  repro- 
duced in  the  accompanying  table  and  figure. 


TABLE  I. 
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Konig  and  Brodhun  did  not  include  the  increment  (BIS)  in  the 
total  light  (L)  in  calculating  the  values  of  BL :  L.  Logically  the 
increment  should  be  included,  otherwise  the  ratio  BL :  L  becomes 
meaningless  as  the  threshold  value  is  reached.  The  values  quoted 
have  been  recalculated  with  increment  included.  In  the  figure 
BL:  L  is  plotted  as  a  function  of  the  natural  logarithm  of  Z,  the 
curves  being  extended  from  the  data  of  Konig  and  Brodhun  to  the 
point  BL:  L=i  for  L=LQ  the  threshold  value,  shown  as  a  dotted 
ordinate  in  the  figure. 


-10 


log  L 


Fig.  1.—  Least  Perceptible  Increment.     P  (L) 

We  have  now  to  determine  the  mathematical  form  of  these  curves 
by  the  methods  of  synthetic  function  theory.  For  brevity,  call 
BL:L  =  P(IS)  or  simply  P,  the  photometric  function.  Denote  the 
abscissa  log  L  by  x  and  the  minimum  value  of  P  (about  0.016)  by  Pm. 

All  the  curves  have  evidently  the  threshold  value — the  abscissa 
of  the  dotted  ordinate — as  natural  origin  of  coordinates.  That  is, 
they  would  be  strictly  comparable  if  plotted  as  functions  of  x— x0 
or  log  (L  :  Z0)  instead  of  x  or  log  L.  Further,  they  are  all  of  the 
general  class  of  functions  included  in 

P=a  +  b  e~z 

when  a  and  b  are  constants  (independent  of  x)  and  2  is  a  function 
of  x.  As  a  special  case  we  may  consider  the  particular  function 
z  (x)  =  c(x—x0)  just  as  we  should  choose  a  particular  integral  of  a 
differential  equation  as  the  practical  working  solution. 
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Taking-  then 


£> 


P=a  +  b  e-c{x~x^ 


the  parameter  a  is  identified  with  Pmy  being  the  value  of  P  for  x 
very  large,  b  is  i—Pni  (since  a-{-b=i\  c  is  from  the  plot  (since  b  c 
is  the  slope  of  the  tangent  at  x  —  xj)  a  number  equal  to  about  ^  to 
y2.  Since  x—x0  is  log  L  —  log  O0  or  log  (L  :  Z0),  P  as  a  function  of 
L  is,  according  to  the  above, 

P=Pm  +  {i-PJ{L0:Lf 

At  very  high  intensities,  instead  of  remaining  constant,  the  values 
of  8  L\  L  show  a  tendancy  to  increase  again.  To  represent  this 
would  require  an  additional  term  in  the  photometric  function  P. 
But  at  these  high  intensities  the  light  sensation  becomes  painful 
and  we  have  every  reason  to  believe  that  the  mechanism  of  vision 
is  altered  if  there  is  not  an  actual  destruction  of  tissue.  It  would 
serve  no  useful  purpose  to  extend  the  function  to  cover  such  a  case 
of  heterogeneity. 

From  the  photometric  function  P  {O)  may  be  derived  the  sensi- 
bility of  the  eye  as  a  function  of  intensity.  The  sensibility  of  the 
eye  as  a  physical  instrument  we  know  decreases  steadily  to  accommo- 
date itself  to  increasing  intensity,  otherwise  its  range  would  be  very 
small.  It  can  easily  be  used  with  illuminations  varying  by  a  factor 
of  a  million  and  that  within  a  very  few  minutes.  We  have  to  deter- 
mine the  law  of  variation  of  sensibility  a  {O)  with  intensity  L. 

Consider  any  physical  instrument — a  galvanometer  for  instance — 
capable  of  indicating  on  a  scale  the  amount  of  a  stimulus  affecting 
it.  The  scale  reading  will  be  some  function  p  {S)  of  this  stimulus. 
The  sensibility  of  the  instrument  is  also  in  general  a  function  of  the 
stimulus.  Call  this  function  <r  {S).  This  sensibility  function  is  the 
rate  of  change  of  scale  reading  with  the  intensity  of  the  stimulus. 


dp 


,h- 


Now,  in  the  case  of  vision,  the  sensibility  to  variations  of  intensity 
varies  inversely  as  the  least  perceptible  increment,  the  8A  above. 
But  8A:  L  has  been  expressed  as  a  function  P  {L)  of  intensity,  and 
h L  is  h L\  L  multiplied  by  /.,  or  hL  —  LP.  Sensibility  as  a  function 
o-(A)  of  intensity  is  then 
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°-  Lp=  rxpm+(i-^;-)TC2') 

For  low  intensities  a  is  approximately  proportional  to  Lc~\  for  high 
intensities  <r=xlPmL\  the  sensibility  varies  inversely  as  the  intensity 
at  high  intensities  exactly  at  low  intensities  a  varies  from  L,~h  to 

Having  the  sensibility  function,  the  scale  reading  is  at  once 
obtained  by  direct  integration.  In  the  visual  case,  the  scale  reading 
is  the  sensation  of  visual  brightness.  This  is  to  be  expressed  as  a 
function  of  the  stimulus  light  or  luminosity  of  radiation.  For  the 
brightness  B{L)  we  have 

J  Jz(Pm  +  (i-Pm)(Z0:Z)c) 

=j*T-c  log/i+/>m  (ZcZr-i)j+constant. 

The  integration  constant  is  zero,  since  for  L  —  L0  at  the  threshold 
value  the  visual  sensation  must  be  zero.  The  coefficient  1  CPm  may 
be  included  in  a  more  general  one  which  we  may  call  B0.  Thus 
the  general  relation  between    visual   sensation  and   the  stimulus  is 


B  =  B, 


Oiog(i+/>m(zczr-i)) 


It  is  of  interest  here  to  note  what  was  accomplished  by  Fechner 
and  subsequent  workers  in  this  field.  Fechner  himself  set  up  the 
form  (using  the  notation  here  employed) 

SL 
L+L0 

to  represent  his  own  observations.  He  proceeded  further  to  treat 
BL  as  a  true  differential,  placing  the  above  expression  equal  to  a 
differential  brightness  dB  and  integrating,  thus  obtaining 

But  SL  and  dB  are  fixed  finite  quantities  and  by  no  means  to  be 
regarded  as  differentials  vanishingly  small.     At  low  intensities  for 
instance,  hL  is  as  large  as  L  itself.     Nor  does  there  appear  to  be 
any  possible  interpretation  of  the  integration  performed. 
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SUMMARY    OF    CONCLUSIONS. 

i .  The  least  perceptible  increment  8  S  of  a  stimulus  .S  is  not  strictly 
proportional  to  that  stimulus  (8  S:  S=  constant)  but  a  function  of  the 
form 

—  a^-be    I 

in  which  a  and  b  are  constants  and  T  is  a  function  of  S. 

2.  A  special  form  of  the  above  function  closely  representing  visual 
sensation  is 

when  Pm  is  a  number  equal  to  about  0.016  and  c  varies  between  one- 
fourth  and  one-half. 

3.  Sensibility  as  a  function  of  stimulus  .S1  has  been  derived  in  the 
form  a  : :  1  &  S,  or 

1 


s(sm  +  (i-Sm)(SQ:Soy\ 


4.  Taking  sensibility,  by  analogy  with  physical  instruments,  as 
the  derivative  of  sensation  (scale  reading)  with  respect  to  stimulus, 
the  integration  of  the  above  expression  for  sensibility  gives  for  sen- 
sation in  terms  of  stimulus  the  relation 


B=B,  log  (i  +  5,u(Sc  sr- 1)). 


While  the  derivation  of  these  relations  is  such  that  they  are  not 
to  be  regarded  as  more  than  particular  solutions  of  the  general  prob- 
lem, yet  they  are  put  forward  with  some  confidence  that  more 
extensive  experimental  investigation  will  more  fully  substantiate 
them. 
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